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Macroscopic Diffusion

J = −D ⋅∇ ⋅n(!r, t)

Fick’s Law
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Microscopic/self diffusion

RMS = 2D ⋅ t

• Einstein Equation:

0

Functional Magnetic Resonance Imaging. 2004. Sinauer Associates Inc

D=2.6x10-3 mm2/s
 @ 25o
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Isotropic vs Anisotropic diffusion

Functional Magnetic Resonance Imaging. 2004. Sinauer Associates Inc
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Free Diffusion vs Restricted Diffusion 
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• Free or unhindered Diffusion
• RMS ~ sqrt(Dt)
• ~3um2/ms –Body temperature in 

water (CSF)

• Restricted or hindered diffusion
• Apparent Diffusion Coefficient 

(ADC)



Stejskal-Tanner Sequence for Diffusion

900

Δ
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EPI or Spiral readout



Single Direction Diffusion Signal Model

S = S0 exp(−b ⋅D)

!
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Deriving diffusion weighting equation

𝜎 = 2𝐷 % Δ

𝑃 𝑟 =
1
2𝜋𝜎

exp −
𝑟!

2𝜎!

𝜑 𝑡1 = 𝛾𝐵(𝑘)𝑡 = 𝛾𝐺k𝛿 = 𝛾𝐺𝛿k, for spin at an initial location k
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𝜑 𝑡0 = 0

𝜑 𝑟 = 𝛾𝐺𝛿𝑟 ≔ 𝑞𝑟

t0 t1 t2 t3 t4 t5

𝜑 𝑡2 = 𝜑 𝑡1 = 𝛾𝐺𝛿k

𝜑 𝑡3 = −𝜑 𝑡2 = −𝛾𝐺𝛿k

𝜑 𝑡4 = 𝜑 𝑡3 = −𝛾𝐺𝛿k

𝜑 𝑡5 = 𝜑 𝑡4 + 𝛾𝐺𝛿(k+r) = 𝛾𝐺𝛿r
 

r

Spin has moved to location k+r



Deriving diffusion weighting equation
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𝑆 = 𝑆! # $𝑃 𝑟 # exp 𝑖𝜑 𝑟 𝑑𝑟

= $
exp − 𝑟"

2𝜎"

2𝜋𝜎
exp 𝑖𝑞𝑟 𝑑𝑟

= $
exp − 𝑟"

2𝜎" + 𝑖𝑞𝑟

2𝜋𝜎
𝑑𝑟

𝜎 = 2𝐷 % Δ

𝑃 𝑟 =
1
2𝜋𝜎

exp −
𝑟!

2𝜎!

𝜑 𝑟 = 𝛾𝐺𝛿𝑟 ≔ 𝑞𝑟

r

b = γ 2 ( G(t ') ⋅Sign(t '− TE
2
)dt '

0

t

∫ )2
0

TE
∫ dtGeneral formula:



Early Detection of Stroke with DWI
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DWI taken 45mins after experimental occlusion T2w taken 65mins after experimental occlusion 

Moseley M et al. 1990. MRM



Application of DWI in Stroke

FLAIR

MGH
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Modeling Anisotropic Diffusion
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DWI

Gx Gy Gz
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Diffusion Tensor Imaging

• Describe the diffusion process 
with a 3x3 Matrix (tensor)

• It is a covariance matrix of 
diffusion probability distribution

• Ellipsoid defines a surface of 
constant mean translational 
displacement  
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𝑃 𝑟 =
1

(2𝜋)"/!Σ$/!
exp −

1
2
𝑟%Σ&$𝑟

Σ = 2𝐷'(( % ∆



Measuring diffusion in multiple directions
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𝑆(𝑣⃑!)!"#,…& = 𝑆' ' exp(−𝑏 ∗ 𝑣⃑!
( ' 𝐷)** ' 𝑣⃑!)

ln(𝑆 𝑣⃑! )!"#,…& = ln(𝑆') − 𝑏 ∗ 𝑣⃑!
( ' 𝐷)** ' 𝑣⃑!

Gx

Gy

Gz

1, 0, 0

0.707, 0.707, 0

0, 0, 1

0, 1, 0



Measuring diffusion in multiple directions
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Diagonalization of the Tensor
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Commonly Used Metrics and Demo

FA=

3
2
⋅
(λ1 −MD)

2 + (λ2 −MD)
2 + (λ3 −MD)

2

λ1
2 +λ2

2 +λ3
2

MD = λ1 +λ2 +λ3
3

Color FA
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Demo codes

• https://randomprogram.net/software/Slides/DTI-processing-
codes.zip
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Wiring of the Brain
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It’s all about how things are wired
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How Do We Show DTI: Tractography!
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x

y

z
DTI “FA” map

Fiber 

Tractography

Color“FA”  map



Major Fiber Systems in the Brain
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Wakana S. et al. 2003. Radiology



Tractography in Surgery Planning
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Crossing Fiber Issue
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Pushing to higher order: 
Diffusion Kurtosis Imaging
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Jensen JH. et al. 2005. MRM



Mean Diffusivity vs Kurtosis
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Jensen JH. et al. 2005. MRM



Deriving diffusion weighting equation
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𝑆 = 𝑆! # $𝑃 𝑟 # exp 𝑖𝜑 𝑟 𝑑𝑟

= $
exp − 𝑟"

2𝜎"

2𝜋𝜎
exp 𝑖𝑞𝑟 𝑑𝑟

= $
exp − 𝑟"

2𝜎" + 𝑖𝑞𝑟

2𝜋𝜎
𝑑𝑟

𝜎 = 2𝐷 % Δ

𝑃 𝑟 =
1
2𝜋𝜎

exp −
𝑟!

2𝜎!

𝜑 𝑟 = 𝛾𝐺𝛿𝑟 ≔ 𝑞𝑟

r
= B

exp(− 𝑟 − 𝑖𝑞𝜎! !

2𝜎! − 𝑞!𝜎)
2𝜎! )

2𝜋𝜎
𝑑𝑟

= exp(−
𝑞!𝜎!

2
)B

exp(− 𝑟 − 𝑖𝑞𝜎! !

2𝜎! )

2𝜋𝜎
𝑑𝑟

= exp(−
𝑞!𝜎!

2
)B

&*+,-.!

+*+,-.! exp(− 𝑟!
2𝜎!)

2𝜋𝜎
𝑑𝑟

= exp(−𝛾!𝐺!𝛿!Δ𝐷)

b = γ 2 ( G(t ') ⋅Sign(t '− TE
2
)dt '

0

t

∫ )2
0

TE
∫ dt



Q-Space Imaging: 1-D

0

King M. 1994. MRM
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q= 𝛾𝐺𝛿

Diffusion Propagator p

S(q)= ∫ exp(𝑖𝑞𝑥) . 𝑝 𝑥 𝑑𝑥



Diffusion Spectrum Imaging

Wedeen V. 2005. Neuroimage
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Diffusion Spectrum Imaging

Wedeen V. 2008. Neuroimage
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Diffusion Spectrum Imaging

Wedeen V. 2008. NeuroimageD. Qiu33



Other Advanced Methods

• Q-Ball Imaging
• Multi-Tensor Model
• High Order Tensor
• …
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Tuch D. 2004. MRM
Liu C. 2010. MRM
Schultz T. 2010.
Med Image Comput Comput Assist Interv.



Hagmann P. 2005. Plos Biology

The  Connectome
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What’s effecting diffusion of water

10 umOlympus Medical 



Microstructure Imaging with Diffusion

Axon

Myelin

Alexander Neuroimage 2010
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AxCalib (Barazany Brain 2009)

δ=3.2ms
Δ={11,20,30,60,100}ms
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ActiveAx Alexander Neuroimage 2010
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NODDI:

Zhang H. et al. 2012 NeuroImage
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Other important topics not covered

• Multi-shot diffusion MRI sequence
• Eddy-current induced distortion
• Double-refocused spin echo for reducing eddy-current distortion
• Other diffusion sensitizing approach

• Stimulated echo-based diffusion weighting 
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Thank You

• dqiu3@emory.edu
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